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This paper addresses the derivation of ﬁnite element modelling for nonlinear dynamics of Cosserat rods with general
deformation of ﬂexure, extension, torsion, and shear. A deformed conﬁguration of the Cosserat rod is described by the
displacement vector of the deformed centroid curve and an orthogonal moving frame, rigidly attached to the cross-section
of the rod. The position of the moving frame relative to the inertial frame is speciﬁed by the rotation matrix, parameterised
by a rotational vector. The shape functions with up to third order nonlinear terms of generic nodal displacements are
obtained by solving the nonlinear partial diﬀerential equations of motion in a quasi-static sense. Based on the Lagrangian
constructed by the Cosserat kinetic energy and strain energy expressions, the principle of virtual work is employed to
derive the ordinary diﬀerential equations of motion with third order nonlinear generic nodal displacements. A cantilever
is presented as a simple example to illustrate the use of the formulation developed here to obtain the lower order nonlinear
ordinary diﬀerential equations of motion of a given structure. The corresponding nonlinear dynamical responses of the
structures are presented through numerical simulations using the MATLAB software. In addition, a MicroElectroMe-
chanical System (MEMS) device is presented. The developed equations of motion have furthermore been implemented
in a VHDL-AMS beam model. Together with available models of the other components, a netlist of the device is formed
and simulated within an electrical circuit simulator. Simulation results are veriﬁed against Finite Element Analysis (FEA)
results for this device.
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A slender structure in three-dimension is a body with a space curve and some small cross-sectional
area. These structures undergoing large displacements and rotations are often encountered in various engi-
neering systems such as vehicles, space structures, robotics, aircrafts, micro-electro-mechanical systems and
even DNA strands. An eﬀective modelling strategy that addresses very well to the strongly nonlinear
dynamic behavior is crucial in estimating system performance and guiding the reliability veriﬁcation
process.
As is well-known, the nonlinear ﬁnite element method provides a general approach to structural modelling
of multibody systems. Many papers have recently been published, presenting new concepts and new algo-
rithms for modelling highly ﬂexible spatial frame structures (Argyris et al., 1978; Cardona and Geradin,
1988; Dutta and White, 1992). We refer to Shabana (1998) and Belytschko et al. (2002) as an overview paper
that presents a comprehensive treatment of this topic. However, in practice the use of classical FEM codes to
simulate complex multibody systems such as MEMS devices is prohibitively cumbersome, expensive, and time
consuming. In addition, classical FEM models use numerous variables to describe the device state. This leads
to highly complex mapping of the design space with the relationship between each of these variables and the
overall device performance being under to designers.
A new ﬁnite element method, the Cosserat approach, has been introduced in Cao et al. (2006) to create a
ﬁnite element formulation for elastic rods with negligible shear deformation. We also refer to Cao et al. (2006)
and references therein for an concise introduction to Cosserat rods. Recently, motivated by the developments
in MEMS modelling, the Cosserat theory has been employed to develop a new modelling strategy that
addresses well the practical needs for rapid modelling of slender structures such as the springlike components
in MEMS, see Wang et al. (2004) and Cao et al. (2006). This modelling strategy has been successfully used to
investigate the non-ideal properties of typical MEMS beams (Gould and Wang, 2005) and the dynamical anal-
ysis of a MEMS device that comprises a resonator mass supported by four ﬂexible beams (Cao et al., 2005). By
using the Cosserat theory, the equations of motion are nonlinear partial diﬀerential equations, which are func-
tions of time and one space variable. For static problems, however, the equations become nonlinear ordinary
diﬀerential equations, which can be solved approximately using standard techniques like the perturbation
method to satisfy boundary conditions. In contrast, for dynamical problems, it is necessary to introduce a
numerical procedure which discretizes the equations.
In previous discussions of the modelling strategy for both 2-D case (Wang et al., 2004) and 3-D case
(Cao et al., 2006), the cross-sectional dimensions of the rod was assumed to be small in comparison with
its length, consequently the shear deformation could be negligible. For a typical slender rod such as com-
ponents in MEMS, such an assumption is reasonable if a component is subdivided into a few Cosserat
rod elements (CREs). However, the shear deformation may be of considerable importance and can not
be negligible for studying the vibration of high frequencies when a dynamic rod is subdivided into com-
paratively short elements. In this paper, the modelling strategy of a 3-D rod element with general defor-
mation including shear, a modiﬁed Cosserat rod element (MCRE) is developed using the Cosserat theory.
In our approach, the fundamental problem of any ﬁnite element formulation is the choice of the shape
functions. The approximate solutions of the nonlinear equations of motion in a quasi-static sense are cho-
sen as the shape functions with up to third order nonlinear terms of generic nodal displacements. In three
dimensions, the nonlinear diﬀerential equations cannot be integrated in a close form even in the static
sense, therefore the Frobeniu’s method is employed here to solve the system approximately. This way
the dynamics of the element is reliably deﬁned through an action principle that guarantees basic conser-
vation laws. Based on the Lagrangian constructed by the Cosserat kinetic energy and strain energy expres-
sions, the principle of virtual work is used to derive the ordinary diﬀerential equations of motion with
third order nonlinear generic nodal displacements.
We shall now outline the main contents of the paper. In Section 2, the rotational vector that is free
both of singularities and constraints is employed as a parametrization to specify the deformed conﬁgura-
tion space, and the expressions of directors are formulated in terms of rotation angles up to third order
nonlinear terms. In Section 3, the approximate solutions of the corresponding static equations are
obtained and adopted as the shape functions of Cosserat rod elements. In Section 4, the Lagrangian
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elements. In terms of the shape functions derived in Section 3, the Lagrangian is constructed by the Coss-
erat kinetic energy and strain energy expressions. In Section 5 two test structures are presented to illus-
trate and verify the formulation developed here. The ﬁrst structure is a cantilever. The nonlinear
dynamical responses of this structure have been presented through numerical simulations using the MAT-
LAB software. The second test structure is a MEMS device. Component level simulations are performed
using models developed in-house (Wang et al., 2004; Cao et al., 2005, 2006). The equations of motion in
the existing beam model have hereby been replaced by the models developed in this work. Veriﬁcation of
nonlinear dynamic and static responses of this structure against ﬁnite element simulations in ANSYS are
presented.
The convention and nomenclature used in this paper follow closely that of Cao et al. (2006). In particular,
vectors, which are elements of Euclidean 3-space R3, are denoted by lowercase, bold-face symbols, e.g., u, v;
vector-valued functions are denoted by lowercase, italic, bold-face symbols, e.g., u, v; tensors are denoted by
upper-case, bold-face symbols, e.g., I, J; matrices are denoted by upper-case, italic, bold-face symbols, e.g.,M,
K. The three vectors {e1,e2,e3} are assumed to form a ﬁxed right-handed orthogonal basis. The summation
convention for repeated indices is used. The symbols ot and os denote diﬀerentiation with respect to time t
and arc-length parameter s, respectively. The symbols (Æ) and ( 0) denote diﬀerentiation with respect to dimen-
sionless time parameter s and dimensionless length parameter r, respectively.
2. The Cosserat rod and its directors
The motion of a nonlinear rod segment can be modelled as a Cosserat rod whose conﬁguration is described
by its neutral axis r(s, t) (Cosserat curve) and 3 orthogonal unit vectors di(s, t), (i = 1,2,3) (Cosserat directors)
where s,t denote a length parameter and time, respectively. At any time, r describes the axis of the rod whose
cross-section orientations are determined by di such thatv3 ¼ osr  d3 > 0:
This condition implies that (i) the local ratio of deformed length to reference length of the axis cannot be re-
duced to zero since jrsj > 0, and (ii) a typical cross-section (s = s0) cannot undergo a total shear in which the
plane determined by d1 and d2 is tangent to the curve r(Æ,t) at r(s0,t) (Antman, 1995).
In an inertial Cartesian basis {e1,e2,e3} and Newtonian time t, we may writerðs; tÞ ¼ riðs; tÞei ¼ xðs; tÞe1 þ yðs; tÞe2 þ zðs; tÞe3: ð1Þ
Let di(s,t) = di j(s,t)ej satisfying the orthogonality condition dikdjk = dij.
The motion involves both the velocity of the curve, otr, and angular velocity of the cross-sections w = widi
so that otdi = w · di. In a similar manner the strains of the Cosserat rod are classiﬁed into ‘‘linear strain’’ vec-
tor v = osr = vidi and ‘‘angular strain’’ vector u = uidi so that osdi = u · di. By analogy with rigid body dynam-
ics the rod model has a kinetic energy per unit length given byT ¼ 1
2
qAotr  otrþ Iðw;wÞf g ð2Þwhere q is the density of rod and A is the area of cross-section and I the moment of inertia tensor per unit
length such that in the director basis I = Iijdi  dj.
Under small strain conditions the strain energy per unit length of the rod may be expressed in terms of the
strain vectors u and v asU ¼ 1
2
Jðu u0; u u0Þ þ Kðv v0; v v0Þf g ð3Þwhere v0 and u0 are reference strain vectors associated with the unstressed rod conﬁguration, and J = Jij di  dj
and K = Kijdi  dj are symmetric tensors that determine the stiﬀness for angular and translational deforma-
tions, respectively.
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generates the dynamics of the Cosserat rod through the variational principle with the action functional
S ¼ R Ldsdt as follows (Wang et al., 2004):qAottr ¼ osn ð4Þ
oth ¼ osmþ osr n ð5Þwhere h = I(w) is the angular momentum per unit length and n = K(v  v0) and m = J(u  u0) are contact
force and moment densities, respectively.
There are a number of choices for the parametrization of rotation matrix, for example, the Euler
angles, the quaternion parameters, and the rotational vector being the most usual (Stuelpnagel, 1964).
As in Cao et al. (2006), we employ the rotational vector that is free both of singularities and constraints.
Because of the orthogonality the rotation matrix is a proper orthogonal matrix in SO(3), its nine compo-
nents can be expressed by only three independent parameters. Denote S the spin matrix of a vector /
= /iei asSð/Þ ¼
0 /3 /2
/3 0 /1
/2 /1 0
2
64
3
75: ð6ÞThen, the rotation matrix R is determined by the expression (Stuelpnagel, 1964)Rð/Þ ¼ I þ sin/
/
Sð/Þ þ 1 cos/
/2
S2ð/Þ; ð7Þwhere / ¼ ð/21 þ /22 þ /23Þ1=2 is the rotational norm or the length of the rotational vector. An expansion of
trigonometric functions in Eq. (7) in MacLaurin’s series yieldsR ¼ I þ S þ 1
2!
S2 þ 1
3!
S3 þ    þ 1
n!
Sn þ    ¼ expS: ð8ÞThus, the rotation matrix may alternatively be expressed by an exponential map, the exponentiation of the
spin matrix associated with the rotational vector. Note that, as a consequence of the exponentiation of the
spin matrix S(/) being equal to R(/) 2 SO(3), the spin matrix S(/) belongs to Lie algebra SO(3) associated
with the Lie group SO(3) (Jones et al., 1987).
Conversely, taking a given orthogonal matrix R as a rotation matrix, the associated rotation vector / can
be derived from (6) and (7). The rotational norm / can be calculated by/ ¼ cos1 TrðRÞ  1
2
: ð9ÞBy taking the matrix logarithm of R we can obtain the skew-symmetric matrix S as following.S ¼ logR ¼ /
2 sin/
ðR RTÞ: ð10ÞTherefore / = /iei with /1 = S23, /2 = S13, and /3 = S12.
In terms of the rotational vector /, Eqs. (6) and (7) give the exact value of the current rotation matrix.
Using truncated MacLaurin’s series of various order in Eq. (8), approximate values of the rotation matrix
are obtained and corresponding simpliﬁed theories can be derived. For example, a so called ﬁrst order theory
is obtained if small rotations are assumed so that the quadratic and higher order terms in Eq. (8) may be
neglected.
Let d1(s,t),d2(s,t),d3(s,t) are 3 directors, they can be obtained by rotate Cartesian frame e1, e2, e3 with rota-
tion vector/ ¼ /xðs; tÞe1 þ /yðs; tÞe2 þ /zðs; tÞe3: ð11Þ
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Assume the rod deformations are restricted in amplitude so that all nonlinearities can be expanded in Maclau-
rin’s series. Using the expansion (8), the directors di(s,t) (i = 1,2,3) can be expanded up to 3rd order in terms of
/x,/y,/z as followings:d1ðs; tÞ  1 1
2
/2z 
1
2
/2y
 
e1 þ /z þ
1
2
/x/y 
1
6
/2x/z 
1
6
/2y/z 
1
6
/3z
 
e2
þ /y þ
1
2
/x/z þ
1
6
/2x/y þ
1
6
/3y þ
1
6
/y/
2
z
 
e3; ð13Þ
d2ðs; tÞ  /z þ
1
2
/x/y þ
1
6
/2x/z þ
1
6
/2y/z þ
1
6
/3z
 
e1 þ 1 1
2
/2x 
1
2
/2z
 
e2
þ /x þ
1
2
/y/z 
1
6
/3x 
1
6
/x/
2
y 
1
6
/x/
2
z
 
e3; ð14Þ
d3ðs; tÞ  /y þ
1
2
/x/z 
1
6
/2x/y 
1
6
/3y 
1
6
/y/
2
z
 
e1
þ /x þ
1
2
/y/z þ
1
6
/3x þ
1
6
/x/
2
y þ
1
6
/x/
2
z
 
e2 þ 1 1
2
/2x 
1
2
/2y
 
e3: ð15Þ3. Shape functions for modiﬁed Cosserat rod elements
For convenience, consider a uniform and initially straight rod element of constant length L, supported in an
arbitrary manner at s = a = 0 and s = b = L. Assume that the static equilibrium of the rod corresponds to the
situation where d1, d2 and d3 are parallel to e1, e2 and e3, respectively. The principal axes are chosen to parallel
e1, e2 and e3. For the sake of simplicity, it will be assumed that the axes along the directors d1, d2 and d3 are
chosen to be the principal axes of inertia of the cross section at s, and centered at the cross section’s center of
mass. Then, for a uniform rod with cross-section area A(s), we have Jij = 0, Iij = 0 andK11 ¼ K22 ¼ GAðsÞ; K33 ¼ EAðsÞ;
J 11 ¼ E
R
AðsÞ g
2 dA; J 22 ¼ E
R
AðsÞ n
2 dA;
J 33 ¼ G
R
AðsÞðn2 þ g2ÞdA ¼ GE ðJ 11 þ J 22Þ;
I11 ¼ q
R
AðsÞ g
2 dA; I22 ¼ q
R
AðsÞ n
2 dA;
I33 ¼ q
R
AðsÞðn2 þ g2ÞdA ¼ I11 þ I22:
8>>>>><
>>>>>:
ð16ÞAssume that the shape functions for a MCRE satisfy the corresponding static equations of (4) and (5), i.e.osnðsÞ ¼ 0 ð17Þ
osmðsÞ þ vðsÞ  nðsÞ ¼ 0; ð18Þwhere the contact force and contact torque densities arenðsÞ ¼ niðsÞdiðsÞ; n1 ¼ K11v1; n2 ¼ K22v2; n3 ¼ K33ðv3  1Þ;
mðsÞ ¼ miðsÞdiðsÞ; m1 ¼ J 11u1; m2 ¼ J 22u2; m3 ¼ J 33u3:

ð19Þwith uðsÞ ¼ 1
2
diðsÞ  osdiðsÞ, and di(s) (i = 1,2,3) are given in last section.
As a prelude to expanding the nonlinear shape functions to a form suitable for a perturbation analysis of
the motion, it is useful to introduce some natural scales to obtain a dimensionless equation of motion. Intro-
duce the dimensionless variablesr ¼ s
L0
; r ¼ r
L0
; x ¼ x
L0
; y ¼ y
L0
; z ¼ z
L0
; s ¼ x0t; ð20Þwhere L0 and x0 are the reference length and natural frequency yet to be determined later, respectively.
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r = 0 and r = L/L0 areqa ¼ Xa Y a Za Uxa Uya Uza½ T ð21Þandqb ¼ Xb Y b Zb Uxb Uyb Uzb½ T; ð22Þrespectively. Substituting (21) and (22) into (1), we obtain the boundary conditions for x, y and z asxð0Þ ¼ Xa; yð0Þ ¼ Y a; zð0Þ ¼ Za;
xðlÞ ¼ Xb; yðlÞ ¼ Y b; zðlÞ ¼ lþ Zb;

ð23Þand/xð0Þ ¼ Uxa; /yð0Þ ¼ Uya; /zð0Þ ¼ Uza;
/xðlÞ ¼ Uxb; /yðlÞ ¼ Uyb; /zðlÞ ¼ Uzb:
(
ð24Þwhere l = L/L0 is the dimensionless length of the rod element.
Treating  as a perturbation parameter which is the order of the amplitude of the displacement and can be
used as a crutch in obtaining the approximate solution, the shape functions can be obtained by solving the
static equations (17) and (18) with the corresponding boundary conditions (23) and (24). To do this, we seek
a straightforward expansionxðrÞ ¼ x^1ðrÞ þ 2x^2ðrÞ þ 3x^3ðrÞ þ    ;
yðrÞ ¼ y^1ðrÞ þ 2y^2ðrÞ þ 3y^3ðrÞ þ    ;
zðrÞ ¼ rþ ^z1ðrÞ þ 2z^2ðrÞ þ 3z^3ðrÞ þ    ;
/xðrÞ ¼ /^x1ðrÞ þ 2/^x2ðrÞ þ 3/^x3ðrÞ þ   
/yðrÞ ¼ /^y1ðrÞ þ 2/^y2ðrÞ þ 3/^y3ðrÞ þ   
/zðrÞ ¼ /^z1ðrÞ þ 2/^z2ðrÞ þ 3/^z3ðrÞ þ    :
8>>>>><
>>>>>:
ð25ÞSubstituting (25) into (17) and (18) and, because x^i; y^i; z^i and /^xi; /^yi; /^zi are independent of , set the coeﬃcient
of each power of  equal to zero. This leads to a set of linear ordinary diﬀerential equations which can be
solved using the Frobeniu’s method (Arfken, 1985) under the corresponding boundary conditions (23) and
(24). The solving procedure has been implemented in a MAPLE ﬁle.
In order to make the expressions simpler, we use the deﬁnitions of shear-deformation parameters followings
as that in Przemieniecki (1968).cx :¼
12J 22
l2K11
; cy :¼
12J 11
l2K22
: ð26ÞBy solving (17) and (18), the approximate series solutions are obtained and the 1st order ones are followings.
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l3ð1þ cxÞ
ð2Xa  2Xb þ lUya þ lUybÞr3
 1
2l2ð1þ cxÞ
6ðXa  XbÞ þ ð4þ cxÞlUya þ ð2 cxÞlUyb
 
r2
þ 1
2lð1þ cxÞ
½2cxðXa  XbÞ þ lð2þ cxÞUya  lcxUybrþ Xa ð27Þ
y^1ðrÞ ¼ 1
l3ð1þ cyÞ
ð2Y a  2Y b  lUxa  lUxbÞr3
þ 1
2l2ð1þ cyÞ
6ðY b  Y aÞ þ ð4þ cyÞlUxa þ ð2 cyÞlUxb
 
r2
þ 1
2lð1þ cyÞ
½2cyðY b  Y aÞ  lð2þ cyÞUxa þ lcyUxbrþ Y a ð28Þ
z^1ðrÞ ¼Za þ Zbl rþ Za ð29Þ
/^x1ðrÞ ¼ 1
l3ð1þ cyÞ
½6ðY b  Y aÞ þ 3lðUxa þ UxbÞr2
þ 1
l2ð1þ cyÞ
½6ðY a  Y bÞ  ð4þ cyÞlUxa  ð2 cyÞlUxbrþ Uxa ð30Þ
/^y1ðrÞ ¼ 1
l3ð1þ cxÞ
½6ðXa  XbÞ þ 3lðUya þ UybÞr2
þ 1
l2ð1þ cxÞ
½6ðXb  XaÞ  ð4þ cxÞlUya  ð2 cxÞlUybrþ Uya ð31Þ
/^z1ðrÞ ¼Uza þ Uzbl rþ Uza: ð32ÞTo investigate deﬂections up to 3rd order nonlinearity in  it is adequate to adopt the truncated (25) to 3 order
terms. The high order terms (up to third order) which are polynomials of r, can be easily solved using a MA-
PLE programme. In fact, x^2ðrÞ; y^2ðrÞ; z^2ðrÞ are 5th polynomials of r and /^x2ðrÞ; /^y2ðrÞ and /^z2ðrÞ are 4th
polynomials of r. For example,x^2ðrÞ ¼ C1r5 þ C2r4 þ C3r3 þ C4r2 þ C5r;where Ci (i = 1,2, . . . , 5) are quadratic functions of qa and qb, for example,C1 ¼ K33
20l4ð1þ cxÞJ 22
ðZb  ZaÞð2Xa  2Xb þ lUya þ lUybÞ: ð33ÞMoreover, x^3ðrÞ; y^3ðrÞ and z^3ðrÞ are 7th polynomials of r. /^x3ðrÞ, /^y3ðrÞ and /^z3ðrÞ are 6th polynomials of r.
All shape functions are implemented in the MAPLE codes.
It is interesting to note that if a rod has a length l, width a and height b, then by (16) and (26),cx ¼
b
l
 2 E
G
; cy ¼
a
l
 2 E
G
: ð34ÞIt is easy to see that if al ! 0 and bl ! 0 then cx ! 0 and cy ! 0. In this case, the shear deformation of a rod is
negligible and (27)–(33) are degenerated to the formula in the modelling of a CRE where the shear deforma-
tion is negligible. It is consistent with the modelling strategy of a rod with negligible shear deformation such
that /z = u, see Cao et al. (2006).
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In this section, the Lagrangian approach is employed to formulate the ordinary diﬀerential equations of
motion of Cosserat rod elements. The generalized Hamilton’s principle which, in its most general form, is
given by the variational statementZ t2
t1
dðT  VÞdtþ
Z t2
t1
dW dt ¼ 0; ð35Þwhere T is the total kinetic energy of the system, V is the potential energy of the system (including the strain
energy and the potential energy of conservative external forces), d(Æ) represents the virtual displacement (or
variational) operator, and dW is the virtual work done by nonconservative forces (including damping forces)
and external forces not accounted for in V.
Assume that the time-varying dimensionless displacements at the ends (r = a/L0 and r = b/L0) of the ele-
ment model areqaðsÞ ¼ XaðsÞ Y aðsÞ ZaðsÞ UxaðsÞ UyaðsÞ UzaðsÞ½ T ð36Þ
andqbðsÞ ¼ XbðsÞ Y bðsÞ ZbðsÞ UxbðsÞ UybðsÞ UzbðsÞ½ T; ð37Þ
respectively. Then, the generalized displacement vector for the element can be described byqeðsÞ ¼ qTa ðsÞ qTb ðsÞ
 T ð38ÞConsistent with the kinematic and constitutive assumptions described in Cao et al. (2006) and Section 2 and
the shape functions derived in Section 3, the kinetic energy per unit length isT ¼ 1
2
qAotr  otrþ Iðw;wÞf g ¼ 1
2
qAx20L
2
0
_r  _rþ x20Iðw; wÞ
	 
 ð39Þ
where q and A are the density of rod and the area of cross-section of rod, respectively. The velocity otr(s,t), and
the angular velocity of the cross-section can be derived as:otr ¼ otxe1 þ otye2 þ otze3 ¼ x0L0ð _xe1 þ _ye2 þ _ze3Þ ¼ x0L0 _r ð40Þ
andw ¼ 1
2
di  otdi ¼ 1
2
x0di  _di ¼ x0w; ð41Þrespectively.
Under small strain conditions the strain energy per unit length of rod can be expressed in terms of the strain
vectors u and v as:U ¼ 1
2
Jðu; uÞ þ Kðv d3; v d3Þf g ¼ 1
2
1
L20
Jðu; uÞ þ Kðv d3;v d3Þ
 
ð42Þwhere the strain vector isu ¼ 1
2
di  osdi ¼ 1
2L0
di  d0i ¼
1
L0
u and v ¼ osr ¼ r0 ¼ v: ð43ÞUtilizing the time varying generic nodal displacements introduced in (36) and (37) instead of the static generic
nodal displacements introduced in (21) and (22), respectively, the time varying generic displacements at any
point within the element can be expressed as nonlinear functions of the length parameter r and the nodal dis-
placement vector qe(s). Based on the nonlinear shape functions derived in Section 3, we substitute (r,s) for r in
(25) which implied that ith terms x^i; y^i; z^i and /^xi; /^y i; /^zi are ith order functions of the nodal displacement vec-
tor qe(s). For example, based on (27)–(31), the 1st order terms are listed as followings:
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l3ð1þ cxÞ
ð2XaðsÞ  2XbðsÞ þ lUyaðsÞ þ lUybðsÞÞr3
 1
2l2ð1þ cxÞ
6ðXaðsÞ  XbðsÞÞ þ ð4þ cxÞlUyaðsÞ þ ð2 cxÞlUybðsÞ
 
r2
þ 1
2lð1þ cxÞ
½2cxðXaðsÞ  XbðsÞÞ þ lð2þ cxÞUyaðsÞ  lcxUybðsÞrþ XaðsÞ;
y^1ðr; sÞ ¼ 1
l3ð1þ cyÞ
ð2Y aðsÞ  2Y bðsÞ  lUxaðsÞ  lUxbðsÞÞr3
þ 1
2l2ð1þ cyÞ
6ðY bðsÞ  Y aðsÞÞ þ ð4þ cyÞlUxaðsÞ þ ð2 cyÞlUxbðsÞ
 
r2
þ 1
2lð1þ cyÞ
½2cyðY bðsÞ  Y aðsÞÞ  lð2þ cyÞUxaðsÞ þ lcyUxbðsÞrþ Y aðsÞ;
z^1ðr; sÞ ¼ZaðsÞ þ ZbðsÞl rþ ZaðsÞ;
/^x1ðr; sÞ ¼ 1
l3ð1þ cyÞ
½6ðY bðsÞ  Y aðsÞÞ þ 3lðUxaðsÞ þ UxbðsÞÞr2
þ 1
l2ð1þ cyÞ
½6ðY aðsÞ  Y bðsÞÞ  ð4þ cyÞlUxaðsÞ  ð2 cyÞlUxbðsÞrþ UxaðsÞ;
/^y1ðr; sÞ ¼ 1
l3ð1þ cxÞ
½6ðXaðsÞ  XbðsÞÞ þ 3lðUyaðsÞ þ UybðsÞÞr2
þ 1
l2ð1þ cxÞ
½6ðXbðsÞ  XaðsÞÞ  ð4þ cxÞlUyaðsÞ  ð2 cxÞlUybðsÞrþ UyaðsÞ;
/^z1ðr; sÞ ¼UzaðsÞ þ UzbðsÞl rþ UzaðsÞ:Consequently, the time varying generic displacements at any point within the element can be written asx ¼ xðr; qeðsÞÞ; y ¼ yðr; qeðsÞÞ; z ¼ zðr; qeðsÞÞ; ð44Þ
/x ¼ /xðr; qeðsÞÞ; /y ¼ /yðr; qeðsÞÞ; /z ¼ /zðr; qeðsÞÞ; ð45Þanddi ¼ diðr; qeðsÞÞ; i ¼ 1; 2; 3: ð46Þ
It follows from (41), (43) and (46) thatw ¼ 1
2
di  _di ¼ wðr; qeðsÞÞ; u ¼ 1
2
di  d0i ¼ uðr; qeðsÞÞ: ð47ÞTherefore, the kinetic energy density (39) and the potential energy density (42) are expressed asT ¼ T ðr; qeðsÞ; _qeðsÞÞ; U ¼ Uðr; qeðsÞÞ: ð48Þ
Then, the Lagrangian deﬁned in the classical form L ¼ T  V are obtained asLðqe; _qeÞ ¼ T ðqe; _qeÞ  VðqeÞ ¼
Z l
0
ðT ðr; qe; _qeÞ  Uðr; qeÞÞL0 dr: ð49ÞSo far we have not precisely deﬁned the type of loading. Let us assume that a load acting on the element is
composed from three additive parts. The ﬁrst one is the interaction of the neighbored elements f ie. The second
one is the external point (concentrated) loadings acting on the nodes f ce. The last one represents a distributed
load with ﬁxed direction and prescribed intensity.
Same as we did in Cao et al. (2006), we yield the generalized Lagrange equations of motion for the Cosserat
rod element:
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ds
oL
o _qj
 
 oL
oqj
¼ f iej ðsÞ þ f cej ðsÞ þ f dej ðs; qeÞ ð50ÞFor a general conﬁguration with nonzero generic nodal displacements qe, the ordinary diﬀerential equations of
motion with up to third order nonlinearities of displacements and ﬁrst order kinetic terms can be obtained asMe€qe þ K eqe þ geðqeÞ ¼ f ieðsÞ þ f ceðsÞ þ f deðs; qeÞ; ð51Þ
whereMe and Ke are mass and (linear) stiﬀness matrices of the element model, ge(qe) is a nonlinear vector with
quadratic and cubic terms of qe. Since the mass of a typical rod, such as the springlike support component of
MEMS, is very small comparing with the mass of the main device in practice only the ﬁrst order kinetic terms
are reserved in Eq. (51).
The detailed expressions ofMe, Ke and ge(qe) have been implemented in a MAPLE program. We give expli-
cit expressions ofMe and Ke in Appendix. The nonlinear terms are also explicitly expressed in a MAPLE pro-
gram. For example, terms such as6ðK33l2  20J 22Þ þ 10cxK33
5l4ð1þ cxÞ2
XaðsÞZaðsÞ;
 6J 22ð1þ cyÞ  6J 11ð1þ cxÞ
l3ð1þ cxÞð1þ cyÞ
Y aðsÞUzbðsÞare included in ge(qe).
5. Demonstrator devices
5.1. Introduction
The strength of the developed beam model will be illustrated using two demonstrator devices. In Section
5.2, a cantilever is presented as a simple example to demonstrate the formulation procedure of the proposed
MCRE approach and to compare the MCRE model with the CRE model developed in Cao et al. (2006). In
Section 5.3 use of the model in a MEMS device is illustrated. Device simulations at the component level, where
the beam model forms one of the components, are benchmarked against ﬁnite element simulation.
5.2. Numerical analysis for a cantilever
The cantilever (Fig. 1) which has been used as an example in Cao et al. (2006) is investigated here as a dem-
onstrator. Consider a uniform horizontal cantilever of length L = 0.3 m, of constant cross section with width
B = 0.01 m and thickness D = 0.005 m. The mass density, the Young’s modulus and the shear modulus are
assumed to be q = 3.0 · 103 kg/m3, E = 2.09 · 108 Pa and G = 6.27 · 107 Pa, respectively.
Like the standard ﬁnite element method, we divide the cantilever into N elements. After stiﬀness, mass, and
actual or equivalent nodal loads for individual Cosserat rod elements are generated, we can assemble them to
form the equations of motion for a whole system. We deﬁne global displacement vector q holding the displace-
ment variables for all mesh nodes, such that, Eρ , A, L
o
f (t)
e3
e2
e1
Fig. 1. Schematic of a simple cantilever.
Table
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 T
:The equations of motion for the whole system can be constructed by simply adding the contributions from all
the elements as following.M€qþ Kqþ gðqÞ ¼ f cðsÞ þ f dðs; qÞ; ð52Þ
where M and K represent the system mass matrix and the system (linear) stiﬀness matrix, the action vectors
f c(s) and f d(s,q) are actual and equivalent nodal loads for the whole system.
This equation gives the system equations of motion all nodal displacements, regardless of whether they are
free or restricted.
For convenience, we divide the cantilever into N elements of equal length. We can establish the nonlinear
diﬀerential equations of motion (52) for solving the free displacements. In what follows, the natural frequen-
cies of the linearized system are studied and used to compare with those derived by using the CRE model
developed in Cao et al. (2006), and numerical simulations for the responses of the nonlinear dynamical system
(52) under external harmonic excitations are performed with MATLAB.
First, the ﬂexural natural frequencies worked out from the linearized equations of the nonlinear system (52)
are listed in Table 1 together with results obtained by employing the CRE model. The ﬂexural natural frequen-
cies in both e1–e3 plane and e2–e3 plane are displayed when ﬁve MCREs are used. As mentioned in Cao et al.
(2006), the natural frequencies obtained from the CRE model are very close to the results derived from clas-
sical beam theory (CBT) in which the eﬀect of shear deformation is assumed to be negligible. However, it can
be observed from Table 1 that the corresponding natural frequencies derived by MCRE model are always
lower than those derived by CRE model. It is reasonable in mathematical and physical senses. Therefore,
we can not ignore the shear eﬀect in some cases for examples when a dynamical rod is divided into compar-
atively short elements.
Next, numerical simulations are performed to investigate the dynamic responses of the cantilever under
harmonic excitations based on the derived nonlinear system (52). The diﬀerential equations of motion are fully
coupled by the nonlinear terms and could exhibit internal resonance introduced by the nonlinearities. They
also exhibit external resonances when the external excitation is periodic and the frequency of a component
of its Fourier series is near one of the natural frequencies of the system, or near a multiple of a natural fre-
quencies as we see in Cao et al. (2006). We show here the responses of the system by use of modelling strategies
of MCRE and CRE when ten elements are used.
The displacement and angular time histories of the free end of the cantilever under external loads
f cx ðtÞ ¼ 0:01 cosð8tÞ; f cy ðtÞ ¼ 0:005 sinð8tÞ and at zero initial conditions are shown in Fig. 2 for CRE model
and in Fig. 3 for MCRE model, respectively. It is interesting to note that amplitudes and periods of the
responses are very close in this two situations. To enhance this observation, the phase plane diagrams for
Y ðtÞ  _Y ðtÞ in two diﬀerent cases are plotted in Fig. 4.5.3. MEMS device
5.3.1. Introduction
The MEMS demonstrator device contains a central plate with comb-ﬁngers, two non-movable sets of
comb-ﬁngers (one at the top and one at the bottom), four ﬁxed-ﬁxed ﬂexural beams and four anchor points.1
al natural frequencies based on CRE approach with/no shear deformation
/s) Flexural frequencies in e1–e3 plane Flexural frequencies in e2–e3 plane
CRE model MCRE model CRE model MCRE model
29.761 29.668 14.883 14.844
186.36 185.03 93.284 92.950
522.33 515.85 261.87 260.57
1028.7 1009.7 516.91 513.53
1700.7 1655.2 857.10 849.51
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Fig. 2. Displacement time histories of the rod with external loads fx(t) = 0.01cos (8t), fy(t) = 0.005sin (8t) and zero initial conditions: CRE
model.
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Fig. 3. Displacement time histories of the rod with external loads fx(t) = 0.01cos(8t), fy(t) = 0.005 sin(8t) and zero initial conditions:
MCRE model.
7796 D. Liu et al. / International Journal of Solids and Structures 44 (2007) 7785–7802The ﬁnite element model of this device is shown in Fig. 5. The two non-movable sets of comb-ﬁngers are not
included in this model, as they do not inﬂuence the mechanical operation investigated here. The implementa-
tion of 3 degree-of-freedom (d.o.f) component models of beams, plates and comb-drives, using the behav-
ioural language VHDL-AMS (Institute of Electrical and Electronic Engineers., 1999), was described in
Wang et al. (2004). These models have been expanded to cover 6 d.o.f movement.
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–0.05
0
0.05
dY
/d
t [m
/se
c]
Y [m]
–0.005 0 0.005
–0.05
0
0.05
dY
/d
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/se
c]
Y [m]
a b
Fig. 4. Phase plane diagram of Y – _Y with external loads fx(t) = 0.01 cos(8t), fy(t) = 0.005 sin(8t) and zero initial conditions: (a) CRE
model; (b) MCRE model.
Fig. 5. Finite element model of the MEMS device.
D. Liu et al. / International Journal of Solids and Structures 44 (2007) 7785–7802 7797A schematic of component models of the structure is shown in Fig. 6. The structure resonates in the direc-
tion indicated.
In this schematic the non-movable sets of comb-ﬁngers are depicted by dotted lines. The entire central part
of the structure, functioning as mass and electrostatic drive, is modelled as a rigid body. The input force is
applied to the terminal at the centre of this body. The beams are connected at its outer terminals. Each com-
ponent has terminals at the points were it is connected to another component. This connection takes place at a
terminal deﬁned at the top level of the netlist.
The anchor point models enable application of (angular) displacements. Such displacements result from
thermo-mechanical deformation of the package. The anchor point models apply this as structural displace-
ments on the attached beams. It is assumed that the anchor points do not experience internal deformation.
The ﬁxed-ﬁxed conﬁguration of the beams means that nonlinear behaviour, due to the lengthening of their
neutral axes, could be important. Component level simulations will therefore be performed using nonlinear
beam models.
AB B
B B
R
AA
A
x
y
z
A: Anchor point
B: Beam
R: Rigid body
: Terminal
Fig. 6. Component level schematic of the MEMS device.
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device increases with the amplitude of the deformation. This third order nonlinear eﬀect is important when
a device experiences large deformation during its operation. Benchmarking of component level simulation
against FEA of large deﬂection of the device is presented in Section 5.3.2.
Secondly, due to the diﬀerence between the operational temperature of the device and the curing temperature
of the package, thermo-mechanical package deformation occurs. The resulting (angular) displacements of the
anchor points of the device result in a pre-stress on its ﬂexural beams. Due to second order nonlinear stress-stiﬀ-
ening, this results in a change in stiﬀness and therefore a change in resonant frequency. Benchmarking of com-
ponent level simulation against FEA of the eﬀect of anchor point displacements is presented in Section 5.3.3.
The inﬂuence of shear deformation on the amount of deﬂection of the device is investigated in Section 5.3.4.
5.3.2. Simulation of large deﬂection behaviour
Time-eﬃcient ﬁnite element simulations are modal analysis and static analysis. In modal analysis a lineari-
sation of the system takes place, although pre-stress applied to the system can be taken into account. It is there-
fore not suitable to analyse large deﬂection behaviour. We have therefore chosen to perform a number of static
simulations, for various values of the force applied to the structure. The ﬁnite element analyses were performed
in ANSYS. In each ANSYS simulation a pressure is applied on the left-hand area of the central plate, between
the two ﬂexural beams. The component level simulations were performed in SMASH. In each component level
simulation a force is applied at the centre of the plate. Component level simulation results and ANSYS simu-
lation results are compared in Fig. 7. A good match between both sets of results can be observed.
5.3.3. Eﬀect of anchor point displacements
The package surrounding the MEMS device contains diﬀerent material layers. The diﬀerence in the coef-
ﬁcient of thermal expansion of each of these layers results in thermo-mechanical package deformation. The
anchor points of the device are therefore displaced, resulting in a ‘‘pre-stress’’ condition on the ﬂexural beams.
This will result in a change in resonant frequency. A simulation approach to determine this change was pre-
sented in Rosing et al. (2006). It involves a thermo-mechanical FEA of the package without anchor points and
MEMS device, followed by an interpolation routine to determine the (angular) displacements at the points
where the beams are attached to the anchor points. The determined (angular) displacements are then applied
to the anchor points in a component level simulation, revealing the eﬀect on device operation.
Here the focus is on the last step: component level simulation of the device with anchor point displacements
applied. The component level simulations in SMASH, with the behavioural language VHDL-AMS, are bench-
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Fig. 7. Large deﬂection simulation results.
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transient analysis and modal analysis, respectively. The results of these simulations are shown in Fig. 8.
The value on the x-axis of Fig. 8 represents the displacement of each anchor point along the y-axis shown
in Fig. 6. A positive value denotes separation of the anchor points, a negative value the anchor points coming
together. As an example, a 20 nm value denotes that both top anchor points have moved 20 nm downwards
and that both bottom anchor points have moved 20 nm upwards.
The simulation results are shown in Fig. 8. A good match between ﬁnite element results and component
level simulation results is obtained over the entire range of anchor point displacements. For large amounts
of separation of the anchor points, the diﬀerence between the two sets of results increases. For 100 nm sepa-
ration of the anchor points, at which the change in resonant frequency is signiﬁcant, the diﬀerence between
both results is however still only about 5%.0
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Fig. 8. Anchor point displacement simulation results.
Table 2
Displacement of MEMS device with reduced beam length based on CRE approach with/without shear deformation
Force (N) x Displacement (lm)
CRE MCRE % Diﬀerence
0.01 0.0569 0.0595 4.57
1 3.966 4.183 5.47
7800 D. Liu et al. / International Journal of Solids and Structures 44 (2007) 7785–78025.3.4. Inﬂuence of shear deformation
In the MEMS demonstrator device the beam length is approximately 500 lm. For such long beams pure
bending is dominant over shear deformation. Shear deformation is important for devices with shorter beams.
To demonstrate this eﬀect on the demonstrator device, in this section the beam length has been reduced to
40 lm. Static analyses were performed in SMASH for a device with beams for which shear deformation
was enabled and for a device with beams for which shear deformation was disabled (Table 2).
The MCRE beam is more pliable than the CRE beam and therefore shows a larger amount of deformation.
Shear deformation terms do not only appear in the linear stiﬀness terms, but also for nonlinear stiﬀness terms.
In this case, the shear eﬀect is found to be larger under large deformation.
6. Conclusion
The formulation of a modiﬁed Cosserat rod element approach to the modelling of dynamical slender rods
has been developed in this paper. The newly proposed modelling strategy employs the exact nonlinear kine-
matic relationships in the sense of the Cosserat theory, and adopted the Bernoulli hypothesis. Finite displace-
ments and rotations as well as ﬁnite extensional, torsional, bending strains, and shear deformation are
accounted for. As the modelling strategy of MCREs, the present approach has following essential features:
1. The shape functions for MCREs are derived from the diﬀerential equations governing the non-planar ﬂex-
ural–torsional motion of extensional rods. Consequently, the higher accuracy of the dynamic responses can
be achieved by dividing the rod into a few elements which is much less than the traditional ﬁnite elementmeth-
ods inwhich the interpolation functions are usually extremely simple functions such as loworder polynomials.
2. The mathematical simplicity when formulating deformable bodies is more convenient for modelling the
multibody systems that consist of interconnected rigid and deformable components.
3. The resultingnonlinearordinarydiﬀerential equationswith lowerdegree-of-freedomare typically easier to inte-
grate into system-level simulations and lead to reduce simulation time and minimize convergence problems.
In addition, the present approach to the modelling of MCREs has accounted for the shear deformation that
may be of considerable importance and can not be negligible for studying the vibration of high frequencies
when a dynamical rod is subdivided into comparatively short elements.
As a ﬁrst demonstrator device, a cantilever has been presented to illustrate the formulation procedure of the
MCRE model. The comparison of MCRE model with CRE model has been carried out through the natural
frequency analysis of the linearized equations and the numerical simulation of the nonlinear dynamic models.
In the case when the eﬀect of shear deformation can be negligible the modiﬁed Cosserat rod element model is a
good ﬁt to the Cosserat rod element model presented in Cao et al. (2006). As a second demonstrator device, a
MEMS device is presented. This example shows how the developed beam model can be used within a com-
ponent level simulation of a full MEMS device. Successful benchmarking of the nonlinear capabilities against
ANSYS ﬁnite element simulations has been presented. For a structure with shorter beams the eﬀect of shear
deformation is demonstrated.
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For a uniform beam of length l and constant cross-section with area A, the ordinary diﬀerential equations
of motion with up to third order nonlinearities of nodal displacements can be obtained asMe€qe þ K eqe þ geðqeÞ ¼ f ieðsÞ þ f ceðsÞ þ f deðs; qeÞ: ð53Þ
The expressions ofMe, Ke and ge(qe) have been implemented in a MAPLE program. Using shear-deformation
parameters cx,cy, the mass matrix M
e ¼ ½mei;j1212 is a symmetric matrix, withme1;1 ¼ me7;7 ¼
ll
ð1þ cxÞ2
13
35
þ 7
10
cx þ
1
3
c2x
 
þ 6I22
5ð1þ cxÞ2l
;
me1;5 ¼ me7;11 ¼
ll2
ð1þ cxÞ2
11
210
þ 11
120
cx þ
1
24
c2x
 
þ I22ð1þ cxÞ2l
1
10
 1
2
cx
 
;
me1;7 ¼
ll
ð1þ cxÞ2
9
70
þ 3
10
cx þ
1
6
c2x
 
 6I22
5ð1þ cxÞ2l
;
me1;11 ¼ 
ll2
ð1þ cxÞ2
13
420
þ 3
40
cx þ
1
24
c2x
 
þ I22ð1þ cxÞ2l
1
10
 1
2
cx
 
;
me2;2 ¼ me8;8 ¼
ll
ð1þ cyÞ2
13
35
þ 7
10
cy þ
1
3
c2y
 
þ 6I11
5ð1þ cyÞ2l
;
me2;4 ¼ me8;10 
ll2
ð1þ cyÞ2
11
210
þ 11
120
cy þ
1
24
c2y
 
 I11ð1þ cyÞ2l
1
10
 1
2
cy
 
;
me2;8 ¼
ll
ð1þ cyÞ2
9
70
þ 3
10
cy þ
1
6
c2y
 
 6I11
5ð1þ cyÞ2l
;
me2;10 ¼
ll2
ð1þ cyÞ2
13
420
þ 3
40
cy þ
1
24
c2y
 
 I11ð1þ cyÞ2l
1
10
 1
2
cy
 
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me3;3 ¼ me9;9 ¼
1
3
ll; me3;9 ¼
1
6
ll;
me4;4 ¼ me10;10 ¼
ll3
ð1þ cyÞ2
1
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þ 1
60
cy þ
1
120
c2y
 
þ I11lð1þ cyÞ2
2
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þ 1
6
cy þ
1
3
c2y
 
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ll2
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cy
 
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1
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1
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 
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1
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6
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1
6
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 
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me5;5 ¼ me11;11 ¼
ll3
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1
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cx þ
1
120
c2x
 
þ I22lð1þ cxÞ2
2
15
þ 1
6
cx þ
1
3
c2x
 
;
me5;7 ¼
ll2
ð1þ cxÞ2
13
420
þ 3
40
cx þ
1
24
c2x
 
 I22ð1þ cyÞ2
1
10
 1
2
cx
 
;
me5;11 ¼ 
ll3
ð1þ cxÞ2
1
140
þ 1
60
cx þ
1
120
c2x
 
 I22lð1þ cxÞ2
1
30
þ 1
6
cx 
1
6
c2x
 
;
me6;6 ¼ me12;12 ¼
1
3
I33l; me6;12 ¼
1
6
I33l:
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The stiﬀness matrix Ke is following.K e ¼
12J22
l3ð1þcxÞ
0 12J11
l3ð1þcy Þ
0 0 K33l
0  6J11
l2ð1þcy Þ
0
ð4þcy ÞJ11
lð1þcy Þ Symmetric
6J22
l2ð1þcxÞ
0 0 0 ð4þcxÞJ22lð1þcxÞ
0 0 0 0 0 J33l
 12J22
l3ð1þcxÞ
0 0 0  6J22
l2ð1þcxÞ
0 12J22
l3ð1þcxÞ
0  12J11
l3ð1þcy Þ
0 6J11
l2ð1þcy Þ
0 0 0 12J11
l3ð1þcy Þ
0 0  K33l 0 0 0 0 0 K33l
0  6J11
l2ð1þcy Þ
0
ð2cy ÞJ11
lð1þcy Þ 0 0 0
6J11
l2ð1þcy Þ
0
ð4þcy ÞJ11
lð1þcy Þ
6J22
l2ð1þcxÞ
0 0 0 ð2cxÞJ11lð1þcxÞ 0 
6J22
l2ð1þcxÞ
0 0 0 ð4þcxÞJ11lð1þcxÞ
0 0 0 0 0  J33l 0 0 0 0 0 J33l
2
66666666666666666666666666666664
3
77777777777777777777777777777775
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